Abstract. In this article, we give equivalent conditions for the hypercyclicity of bilateral operator-weighted shifts on L 2 (K) with weight sequence {A n } ∞ n=−∞ of positive invertible diagonal operators on a separable complex Hilbert space K, as well as for hereditarily hypercyclicity and supercyclicity.
Introduction and preliminaries
Let L(X) denote the space of continuous linear operators on a separable, infinite-dimensional complex Fréchet space X. An operator T ∈ L(X) is said to be hypercyclic if there is a vector x ∈ X such that the orbit orb(T, x) = {T n x : n ≥ 0} is dense in X. In such a case, x is called a hypercyclic vector for T . Accordingly, T ∈ L(X) is called supercyclic if there exists a vector x ∈ X such that the projective orbit {λT n x : n ≥ 0, λ ∈ C} is dense in X. It is well known that if T is hypercyclic, then the set of hypercyclic vectors of T is a dense G δ subset of X (see [7] ). Many fundamental results regarding the theory of hypercyclic operators were established by Kitai in [10] . The excellent books by Bayart and Matheron [2] and by Grosse-Erdmann and Peris [8] also provide a solid foundation and give an overview of the dynamics of linear operators.
The first example of a hypercyclic operator was offered by Rolewicz [12] , who showed that if B is the unweighted unilateral backward shift on 2 (N), then the scaled shift λB is hypercyclic if and only if |λ| > 1. After that, Salas [13] characterized the hypercyclic unilateral weighted backward shifts and hypercyclic bilateral weighted shifts on p (Z) (1 ≤ p < ∞) in terms of their weight sequences. In recent years, the dynamics of weighted shifts have been studied by many authors. For example, Bès, Martin, Peris, and Shkarin [4] verified that for any mixing bilateral weighted shift T on p (Z) (1 ≤ p < ∞) and any positive integer r, (T, T 2 , . . . , T r ) is d-mixing. Bès, Martin, and Sanders [5] studied the disjoint hypercyclicity of unilateral and bilateral weighted shift operators. In addition, Hazarika and Arora [9] characterized the hypercyclicity of the bilateral operator-weighted shift T on L 2 (K) with weight sequence {A n } ∞ n=−∞ of positive invertible diagonal operators on a separable complex Hilbert space K. Inspired by Hazarika and Arora's work, Liang and Zhou [11] discussed the supercyclicity and hereditarily hypercyclicity of operator-weighted shifts. In the present article, we provide a counterexample to show that the characterization in [9] is not a necessary condition for hypercyclicity. Moreover, we give new equivalent conditions for the bilateral operator-weighted shifts to qualify as hypercyclic, hereditarily hypercyclic, and supercyclic.
The following criterion, due to Bès [3] , will be used several times in this article. . Let X be a separable F-space, and let T ∈ L(X). If there are dense subsets X 0 , Y 0 ⊂ X, an increasing sequence (n k ) k of positive integers, and maps
then we say that T satisfies the hypercyclicity criterion with respect to (n k ) k ; in particular, T is hypercyclic.
We note that the hypercyclicity criterion is not necessary for hypercyclicity (see [1] ). Moreover, the above criterion has been shown in [6] to be equivalent to hereditarily hypercyclic; that is, there exists some increasing sequence of positive integers (n k ) k such that for each subsequence (m) k of (n) k , {T m k } k is hypercyclic. Before proceeding further, let us specify some terminology about operatorweighted shifts on the space L 2 (K). Let Z be the set of integers, and let K be a separable complex Hilbert space with an orthonormal basis
under the inner product x, y = i∈Z x i , y i for x = (x i ) i∈Z and y = (y i ) i∈Z in L 2 (K). Let {A n } ∞ n=−∞ be a uniformly bounded sequence of invertible operators on K, where the operators {A n } ∞ n=−∞ are all positive diagonal with respect to the basis {f k } ∞ k=0 . We define the bilateral forward and backward operator-weighted shift on L 2 (K) as follows.
Since {A n } ∞ n=−∞ is uniformly bounded, T is bounded and T = sup i∈Z A i < ∞. For n > 0,
where
also, we have
Then we have
A j+s .
Since each A n is an invertible diagonal operator on K, we conclude that
Hypercyclic operator-weighted shift
The following statement is the core theorem in [9] , which provides a characterization for the hypercyclicity of bilateral operator-weighted shifts on L 2 (K).
Theorem 2.1 ([9, Theorem 3.1]). Let T be a bilateral forward operator-weighted shift on L 2 (K) with weight sequence {A n } ∞ n=−∞ , where {A n } n is a uniformly bounded sequence of positive invertible diagonal operators on K. Then the following are equivalent:
(a) T is hypercyclic; (b) for ε > 0 and q ∈ N, there exists n arbitrarily large such that for all |j| ≤ q,
A s+j < ε and
However, we found a simple counterexample, which is a hypercyclic operatorweighted shift on L 2 (K) that does not satisfy Theorem 2.1(b).
Example 2.2. Let {A n } ∞ n=−∞ be a uniformly bounded sequence of positive invertible diagonal operators on K, defined as follows:
is the orthonormal basis of K. Let T be the bilateral forward operator-weighted shift on L 2 (K) with weight sequence {A n } ∞ n=−∞ . Then T is hypercyclic but does not satisfy Theorem 2.1(b).
, where z j 0 = f i 0 and z j = 0 for all j = j 0 . It is obvious that the set span{e i,j :
To prove that T is hypercyclic, we apply the hypercyclicity criterion to the whole sequence of integers (n k ) = (k), the same dense set X 0 = Y 0 = span{e i,j : (i, j) ∈ N × Z}, and the maps S k = S k , where S is the backward operator-weighted shift defined by
where B j = A −1 j−1 for each j ∈ Z. Now we check that conditions (1), (2) , and (3) of Theorem 1.1 are satisfied. Indeed, (3) holds because T S = I on Y 0 . To prove (1) and (2), it is enough to check that for any (i, j) ∈ N × Z, both T k (e i,j ) and S k (e i,j ) tend to zero as k → ∞ (then we conclude by using linearity). But this is clear, since for any k > 2i + 2|j| + 1, we have
However, for any n ∈ N, j ∈ Z n−1 s=0
Therefore, T does not satisfy Theorem 2.1(b). Now let us briefly recall the proof of "(a) ⇒ (b)" in article [9] and see what leads to the contradiction. Suppose that T is hypercyclic, let ε > 0, q ∈ N be given, and choose δ > 0 such that
, where a j = f i for all |j| ≤ q and a j = 0 if |j| > q. By the density of hypercyclic vectors, there exists a hypercyclic vector x = (. . . ,
Also, since orb(T, x) is dense in L 2 (K), there exists an arbitrarily large integer n (choose n > 2q) such that
From (2.2), (2.3), and some details (which we omit here; interested readers are referred to [9] ), we get that, for all |j| ≤ q,
Then the authors of [9] claim that, for all |j| ≤ q,
since i is arbitrarily fixed. The contradiction lies in the claims that
Since the selection of the integer n depends on f i , we cannot obtain (2.5) directly from (2.4). We improve Theorem 2.1 with the following result. A s+j | X K < ε and
is the orthonormal basis of K. Proof. Suppose that T is hypercyclic. Let ε > 0, q ∈ N, and K ∈ N be given, and choose 0 < δ < 1 such that
, where y i = f and y j = 0 for all j = i. Since the hypercyclic vectors are dense in L 2 (K), one may find a hypercyclic vector x = (. . . , x −1 , [x 0 ], x 1 , . . .) and an integer n > 2q such that
Looking at the first inequality of (2.6), we get
Since each x j is in K, x j can be written as A j+s f k .
The second inequality of (2.6) gives
By the hypothesis n > 2q, we have j + n > q for all |j| ≤ q, and hence y j+n < δ for all |j| ≤ q. Moreover, as y j+n = n−1
A j+s f k < δ for all k ∈ N and |j| ≤ q. Then from (2.8), we have
for k = 0, 1, . . . , K and |j| ≤ q. Since for each m ∈ Z, A m is diagonal on K, X K is an invariant subspace of operator n−1 s=0 A j+s . Thus, we have
Again from
A j+s−n f k .
Therefore, (ii) of (2.9) gives
The hypothesis n > 2q implies that |j − n| > q for all |j| ≤ q; hence by (2.8) |α
(j−n) k | < δ for all k ∈ N and |j| ≤ q. So from (i) of (2.10),
Then it follows that
which implies that for |j| ≤ q,
Hence for all |j| ≤ q,
Conversely, suppose that ( * ) holds. Let us show that T satisfies the hypercyclicity criterion. For each k ∈ N with k ≥ 1, let
By ( * ), one can find an increasing sequence (n k ) k of positive integers such that, for all |j| ≤ k,
For any m, n ∈ N, we set
x i ∈ X n when |i| ≤ m, and x i = 0 when |i| > m .
. . . Note that T S = I on Y 0 . We just need to prove that for any g ∈ X 0 = Y 0 , both T n k (g) and S n k (g) tend to zero as k → ∞. Now fix g ∈ X 0 = Y 0 . By definition, we can find N ∈ N such that g ∈ H N,N . Thus there exist vectors
A s+j−n k g j−n k , and for each k ≥ 1,
Since g ∈ H N,N , for each k > N we have
Thus T is hypercyclic.
By the process of the above proof, we can also deduce the following two equivalent conditions for hypercyclicity of operator-weighted shifts. 
Theorem 2.5. Let T be a bilateral forward operator-weighted shift on L 2 (K) with weight sequence {A n } ∞ n=−∞ , where {A n } ∞ n=−∞ is a uniformly bounded sequence of positive invertible diagonal operators on K. Let (n k ) k≥1 be an increasing sequence of positive integers. Then {T n k } k≥1 is hypercyclic if and only if, given ε > 0, q ∈ N, and K ∈ N, there exists n ∈ (n k ) k≥1 such that for all |j| ≤ q,
To illustrate Theorem 2.3, let us see how it applies to Example 2.2.
Example 2.6. Let {A n } ∞ n=−∞ be the uniformly bounded sequence of positive invertible diagonal operators on K given in Example 2.2. Let T be the bilateral (forward) operator-weighted shift on L 2 (K) with weight sequence {A n } ∞ n=−∞ . Then T is hypercyclic.
Proof. Let ε > 0, q ∈ N, and K ∈ N be given. Set X K = span{f 0 , f 1 , f 2 , . . . , f K }. Then for all |j| ≤ q and n ∈ N with n > 2q + 2K + 1, by the definition of {A n } ∞ n=−∞ we have
Since lim n→∞ A s+j | X K < ε and
By Theorem 2.3, T is hypercyclic.
Supercyclic and hereditarily hypercyclic operator-weighted shift
Liang and Zhou [11] investigated the hereditarily hypercyclic and supercyclic operator-weighted shifts on L 2 (K), respectively. Their theorems are listed below. is also a uniformly bounded sequence. Also let (n k ) k ⊂ N. Then the following are equivalent.
(1) T is hereditarily hypercyclic with respect to (n k ) k .
(2) For all ε > 0 and q ∈ N, there exists k 0 ∈ N satisfying: for all k ≥ k 0 and all |j| ≤ q, By the Bès-Peris theorem [6, Theorem 2.3], T is hereditarily hypercyclic if and only if T satisfies the hypercyclicity criterion. It follows that the operator in Example 2.2 is also hereditarily hypercyclic and supercyclic, but fails to satisfy the characterizations in the two preceding theorems. Therefore, the conditions in Theorem 3.1 and Theorem 3.2 are not equivalent to supercyclicity and hereditary hypercyclicity, respectively.
Referencing the proof of Theorem 2.3, the improvements of the above two theorems are listed below. (1) T is hereditarily hypercyclic with respect to (n k ) k .
(2) For any ε > 0, q ∈ N, and K ∈ N, there exists k 0 ∈ N satisfying, for all k ≥ k 0 and all |j| ≤ q,
where X K := span{f 0 , f 1 , f 2 , . . . , f K }. 
